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Abstract
In this note we investigate the positive integers n for which φ(n2) +
σ2(n) is divisible by n2.
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1 Introduction
Let φ(n) and σ(n) denote the Euler function and sum of divisors function
of n. More generally σk(n) denotes the sum of k-th powers of positive divisors
of n. Clearly n is prime if and only if n divides φ(n) + σ(n) and in fact
2n = φ(n) + σ(n). C.A. Nicol [1] has studied the positive integers n which
divide φ(n) + σ(n). Let A be given by
A = {n composite : n| (φ(n) + σ(n))}.
Nicol proved that no square free integer belongs to A and conjectured that A
contains only odd integers. M. Zhang [2] proved that A contains no integer of
the form pαq, where p and q are distinct primes and α is a positive integer.
Although F. Luca and J. Sandor [3] could not solve this conjecture, they have
made a significant progress. In [3] they showed, among many other related
results, that, for any fixed positive integer k ≥ 2 there are only finitely many
odd positive integers n ∈ A with ω(n) = k where ω(n) denotes the number of
distinct prime divisors of n.
In this note we study a variant of the above problem: we look at those
integers n > 1 for which n2 divides φ(n2) + σ2(n). Let B be given by
B = {n > 1 : n2| (φ(n2) + σ2(n))}.
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We prove that if n ∈ B, then ω(n) ≥ 4.
2 Main Results
In this section, we establish that there is no integer n > 1 with ω(n) = 1, 2
or 3 such that n2|(φ(n2) + σ2(n)) thus proving that if n ∈ B, then ω(n) ≥ 4.
Note that φ(n2)+ σ2(n) > n
2 for all n. We prove that φ(n2)+ σ2(n) < 2n
2 for
all n such that ω(n) ≤ 3. We recall that
ϕ(n) = n
∏
p|n
(1− 1/p) and σ2(n) =
∏
pr‖n
p2r+2 − 1
p2 − 1 .
Theorem 2.1. Let n > 1 with ω(n) = 1. Then, n2  (φ(n2) + σ2(n)).
Proof. Suppose n = pr. Then,
φ(n2) + σ2(n)
n2
=
φ(n)
n
+
σ2(n)
n2
= (1− 1
p
) +
p2r+2 − 1
p2 − 1 ×
1
p2r
< 1− 1
p
+
p2
p2 − 1
= 2 +
(
1
p2 − 1 −
1
p
)
< 2, since
1
p
>
1
p2 − 1 .
Thus, n2  (φ(n2) + σ2(n)).
To prove the result in the case of ω(n) = 2 and ω(n) = 3, we first establish
the following Lemma.
Lemma 2.2. If x ≤ 1
2
, y ≤ 1
3
and z ≤ 1
5
and if 0 ≤ z < y < x, then,
(1− x)(1− y)(1− z) + 1
(1− x2)(1− y2)(1− z2) < 2.
Proof. Using the identity
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1
(1− x2)(1− y2)(1− z2) = 1 +
x2
1− x2 +
y2
1− y2 +
z2
1− z2
+
x2y2
(1− x2)(1− y2) +
y2z2
(1− y2)(1− z2)
+
z2x2
(1− z2)(1− x2)+
x2y2z2
(1− x2)(1− y2)(1− z2) ,
we have,
(1−x)(1−y)(1−z)+ 1
(1− x2)(1− y2)(1− z2)
= 2 + xy + yz + zx +
x2
(1− x2)(1− y2) +
y2
(1− y2)(1− z2)
+
z2
(1− z2)(1− x2) +
x2y2z2
(1− x2)(1− y2)(1− z2) − x− y − z − xyz. (2.1)
Since x ≤ 1
2
, y ≤ 1
3
and z ≤ 1
5
, we have,
1
1− x2 ≤
4
3
,
1
1− y2 ≤
9
8
and
1
1− z2 ≤
25
24
.
Hence, z+
x
(1− x2)(1− y2) , x+
y
(1− y2)(1− z2) , y+
z
(1− z2)(1− x2) and
xyz
(1− x2)(1− y2)(1− z2) all lie in the interval (0, 1). Employing this fact in (2.1),
we see that
(1− x)(1− y)(1− z) + 1
(1− x2)(1− y2)(1− z2) < 2.
We now prove the result for the case ω(n) = 2.
Theorem 2.3. Let n > 1 with ω(n) = 2. Then, n2  (φ(n2) + σ2(n)).
Proof. Since ω(n) = 2, we can suppose n to be of the form n = pr1p
s
2, where
p1 and p2 are distinct primes with p1 < p2 and r and s are positive integers.
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Consider,
(p21 − 1)(p22 − 1)p2r1 p2s2
{
φ(n2) + σ2(n)
n2
}
= (p21−1)(p22−1)p2r1 p2s2
[
(p1 − 1)(p2 − 1)
p1p2
+
(p2r+21 − 1)(p2s+22 − 1)
p2r1 p
2s
2 (p
2
1 − 1)(p22 − 1)
]
= (p1−1)(p2−1)(p21−1)(p22−1)p2r−11 p2s−12 +(p2r+21 −1)(p2s+22 −1)
< p2r+21 p
2s+2
2
{
1 +
(p1 − 1)(p2 − 1)(p21 − 1)(p22 − 1)
p31p
3
2
}
.
Thus,
φ(n2) + σ2(n)
n2
<
(p1 − 1)(p2 − 1)
p1p2
+
p21p
2
2
(p21 − 1)(p22 − 1)
= (1− 1
p1
)(1− 1
p2
) +
1(
1− 1
p21
)(
1− 1
p22
) .
Since 2 ≤ p1 < p2,we have, 1
p1
≤ 1
2
and
1
p2
≤ 1
3
. Hence by Lemma 2.2, with x =
1
p1
,
y =
1
p2
and z = 0, it follows that,
φ(n2) + σ2(n)
n2
< 2. This completes the proof.
Theorem 2.4. Let n > 1 with ω(n) = 3. Then, n2  φ(n2) + σ2(n).
Proof. Suppose ω(n) = 3. Then n can be written in the form n = pr1p
s
2p
t
3
where p1, p2 and p3 are distinct primes with p1 < p2 < p3 and r, s and t are
positive integers. Now,
φ(n2) + σ2(n)
n2
=
φ(n)
n
+
σ2(n)
n2
=
(
1− 1
p1
)(
1− 1
p2
)(
1− 1
p3
)
+
p2r+21 − 1
p21 − 1
· p
2s+2
2 − 1
p22 − 1
· p
2t+2
3 − 1
p23 − 1
× 1
p2r1 · p2s2 · p2t3
<
(
1− 1
p1
)(
1− 1
p2
)(
1− 1
p3
)
+
p21p
2
2p
2
3
(p21 − 1)(p22 − 1)(p23 − 1)
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=
(
1− 1
p1
)(
1− 1
p2
)(
1− 1
p3
)
+
1(
1− 1
p21
)(
1− 1
p22
)(
1− 1
p23
)
< 2, by Lemma 2.2.
This proves the theorem.
Theorem 2.3 and Theorem 2.4 show that if n2 | (φ(n2) + σ2(n)), then,
ω(n) ≥ 4. We conclude this note with the conjecture that B = ∅ or equivalently
there is no positive integer n > 1 such that n2|(φ(n2) + σ2(n)).
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